Abstract. Let A be a commutative Banach algebra with a BAI (=bounded approximate identity). We equip A * * with the (first) Arens multiplication. To each idempotent element u of A * * we associate the closed ideal I u = {a ∈ A : au = 0} in A. In this paper we present a characterization of the closed ideals of A with BAI's in terms of idempotent elements of A * * . The main results are: a) A closed ideal I of A has a BAI iff there is an idempotent u ∈ A * * such that I = I u and the subalgebra Au is norm closed in A * * . b) For any closed ideal I of A with a BAI, the quotient algebra A/I is isomorphic to a subalgebra of A * * . We also show that a weak * closed invariant subspace X of the group von Neumann algebra V N(G) of an amenable group G is naturally complemented in V N(G) iff the spectrum of X belongs to the closed coset ring c (G d ) of G d , the discrete version of G. This paper contains several applications of these results.
Introduction
Let A be a commutative Banach algebra with a BAI. We equip the second dual A * * of A with the first Arens multiplication, the construction of which will be recalled in the next section. In this paper we present a characterization of the closed ideals of A possessing a BAI in terms of idempotent elements of the algebra A * * and consider some applications of the main results. To explain the content of the paper and the background results we need some terminology and notation.
For f ∈ A * and a ∈ A, by a.f we denote the functional on A defined by a.f, b = f, ab . By a "projection" we mean a bounded linear projection. A projection P : A * → A * is said to be "invariant" (or A-invariant) if, for all a ∈ A and f ∈ A * , the equality P (a.f ) = a.P (f ) holds. Similarly, a closed subspace X of A * is said to be "invariant" if, for each a ∈ A and f ∈ X, the functional a.f is in X (i.e. X is an A−module for the natural action (a, f ) → a.f ). If there is an invariant projection from A * onto a closed invariant subspace X of A * , then X is said to be "invariantly complemented in A * ". For a ∈ A and u ∈ A * * , by au we denote the (Arens) product of a and u in A * * . For f ∈ A * and u ∈ A * * , by u.f we denote the functional on A defined by a, u.f = au, f . For a locally compact group G, by (G d ) we denote the Boolean ring generated by the cosets of the subgroups of G d , the group G with the discrete topology. By c (G d ) we denote the subring of (G d ) consisting of the closed elements of the ring (G d ). Finally, by Δ(A) we denote the Gelfand spectrum of A.
As stated above, our main aim in this paper is to characterize the closed ideals of the algebra A with BAI in terms of the idempotent elements of A * * . The existence of a BAI in a closed ideal I is equivalent to the existence of an invariant projection from A * onto the annihilator I ⊥ of I in A * ([10, p. 245, Theorem 1] and [5, Proposition 6.4] ). A natural problem that arises in this context is this: If there is a projection from A * onto I ⊥ , when is there an invariant projection from A * onto I ⊥ ? These two problems (the existence of a BAI in a closed ideal I and the existence of an invariant projection from A * onto I ⊥ ) have been studied by a considerable number of mathematicians in the settings of the group algebra L 1 (G) of a locally compact abelian group G and also Eymard's Fourier algebra A(G) of a locally compact amenable group G [4] . (See below for a short history of these problems.) In this paper we study these two problems from an abstract point of view with special emphasis on the Fourier algebra A(G).
If a closed ideal I of the algebra A has a BAI, then there is an idempotent element u in A * * such that I = I u , where I u = {a ∈ A : au = 0}. However, not every ideal of the form I u has a BAI. The first and main problem that we study in this paper is:
Problem (A).
Characterize the idempotent elements u of A * * for which the closed ideal I u = {a ∈ A : au = 0} has a BAI.
It has turned out that a closed ideal I of A has a BAI iff there is an idempotent element u ∈ A * * such that I u = I and the space Au = {au : a ∈ A}, which is a subalgebra of A * * , is norm closed in the algebra A * * . In this case, the Banach algebras A/I u and Au are isomorphic so that the Banach space A/I u possesses all the hereditary properties of the Banach space A * * . For instance, if the space A * * is weakly sequentially complete, then so is the quotient space A/I u . We recall that, among many other Banach algebras, the second dual of the group algebra L 1 (G) and that of the Fourier algebra A(G) of any locally compact group G are weakly sequentially complete. More generally, the predual of any von Neumann algebra is weakly sequentially complete. The subalgebra Au is apparently more transparent than the quotient algebra A/I u . The fact that the algebra A/I u is isomorphic to the algebra Au may help to solve certain problems about the quotient algebra A/I u , such as the determination of the multiplier algebra of A/I u , for instance.
As mentioned above, Problem (A) is equivalent to another much studied problem. This is
Problem (B). When is a complemented weak
* closed invariant subspace of A * invariantly complemented in A * ?
The second problem we study in this paper is very closely related to this version of Problem (A). Here the problem is to put on the projection P : A * → I ⊥ a condition as weak as is possible but nevertheless sufficient to guarantee the existence of a BAI in the ideal I. The most natural condition to put on a projection P : A * → I ⊥ seems to be, for each γ ∈ Δ(A), either P (γ) = γ or P (γ) = 0. Any invariant projection P : A * → I ⊥ satisfies this condition. In Section 3 we show that in some important cases, including the Fourier algebra A(G) of an amenable group G, this condition is both necessary and sufficient for the ideal I to have a BAI.
The full story of these two problems (A and B) is too long to state here; these problems have been studied by a considerable number of mathematicians since the 1960s. Here we mention only the most relevant works on the subject matter of this paper. In [34] Rudin proved that every complemented closed ideal of the group algebra L 1 (G) of a compact group G is invariantly complemented and has a BAI. In his celebrated memoir [32] Rosenthal considered the dual version of this problem and proved, among other results, that for any locally compact abelian group G, the spectrum of a weak [8] ) have been studied by several authors ( [24] , [26] , [5] , [6] and [39] , among others), but the results are more involved and are not as complete as in the L 1 (G) case. The closed ideals with BAI of the algebra L 1 (G) (G is abelian) and those of the Fourier algebra A(G) (G is amenable) of a locally compact group G are characterized in the papers [30] and [9] , respectively. These are exactly the closed ideals of the form
In this paper we study exactly the same problems (A and B) for a general commutative Banach algebra A with a BAI. Since in this case there is no functional on A * such as an "invariant mean" permitting the use of the averaging techniques and since there is no structure such as the coset ring (G d ) or Bohr compactification on the Gelfand spectrum of the algebra A to reduce the problem to known cases, the only way of characterizing the closed ideals of A with BAI that appeared possible to us is the one in terms of the idempotent elements of A * * . This is the approach we have followed. This approach is essentially functional analytic and has its own advantages, the main one being the realization of the quotient algebra A/I u as a closed subalgebra, namely Au = {au : a ∈ A}, of A * * . We present several applications of this result. Concerning the second aspect of the main problem, we show that there is another class of projections P : A * → A * , closely related to the invariant projections, that also plays an important role in the study of Problem (B). We call these projections "natural projections". These are the projections P : A * → A * such that, for each γ ∈ Δ(A), either P (γ) = γ or P (γ) = 0. As mentioned above, a closed ideal I of the Fourier algebra A = A(G) of an amenable group G has a BAI iff I ⊥ is "naturally complemented " in A(G) * . In Section 1 we have collected a few preliminary results about Arens multiplications, the Fourier and the Fourier-Stieltjes algebras A(G) and B(G), and the coset ring (G). The main results are in Sections 2 and 3 (Theorem 2.7, Corollary 2. Finally, we would like to emphasize here that most of the results presented in this paper (especially the results in Sections 2 and 4) are valid for noncommutative Banach algebras as well. We have chosen to work with commutative Banach algebras because, historically, the most studied cases, the group algebra L 1 (G) (G abelian) and the Fourier algebra A(G) (G amenable), are commutative, as are our main examples.
Notation and preliminary results
Our notation and terminology are standard, and some of them have already been introduced in the preceding section. In addition to these, we need a few facts related to the Arens multiplications, Fourier algebra A(G) and the coset ring (G).
Let For each right identity e of A * * and for each a ∈ A, the equalities ea = ae = a hold. Such a right identity e will play an important role in the proofs of the results presented in this paper. We denote by AA * the space of the functionals of the form a.f (a ∈ A and f ∈ A * ). Since the algebra A has a BAI, the space AA * = {a.f : a ∈ A and f ∈ A * } is a closed subspace of A * [11, 32.22] . We also note that each γ ∈ Δ(A) is also multiplicative on A * * , as one can easily see. The reader can find ample information on the Arens multiplications, BAI, amenability and related notions in the books [2] , [10] and [37] . Now suppose that the algebra A is commutative, semisimple and regular. For a ∈ A, by a we denote the Gelfand transform of a. To each closed subset F of Δ(A), we associate two ideals,
The support of a is compact and disjoint from F }.
The ideals j(F ) and k(F ) are, respectively, the smallest and the largest closed ideals of A with hull F . When these ideals are equal, the set F is said to be a set of synthesis. On sets of synthesis the reader can find ample information in Chapter 5 of the book [21] . Now let G be a locally compact group equipped with its left Haar measure. In his seminal paper P. Eymard [4] has associated to the group G two important commutative Banach algebras. These are the Fourier algebra A(G) and the FourierStieltjes algebra B(G) of G. The Fourier -Stieltjes algebra B(G) is the linear span of the set of the continuous positive definite complex valued functions on G. This is also the space of the coefficient functions of the unitary representations of the group G. More precisely, given u ∈ B(G), there exists a unitary representation π of G and two vectors ξ and η in the representation space H(π) of π such that, for
Equipped with the norm ||u|| = inf ξ,η ||ξ||.||η||, where the infimum is taken on all ξ and η satisfying the preceding equality, and the pointwise multiplication, B(G) is a commutative Banach algebra. The Banach algebra B(G) is also the dual space of the group C * -algebra C * (G). The Fourier algebra A(G) is the closed ideal of B(G) generated by the elements of B(G) with compact support. The algebra A(G) can also be defined as the set of the coordinate functions of the left regular representation of G in L 2 (G). When G is abelian, via the Fourier transform,
Since their introduction in the 1960s by Eymard, these algebras have been constant objects of study and they are among the most important Banach algebras of harmonic analysis. Both of the Banach algebras A(G) and B(G) are semisimple. Moreover, the Fourier algebra A(G) is regular and Tauberian. The Gelfand spectrum of A(G) can be identified with the group G. Each element of G acts on A(G) as a point evaluation. The algebra A(G) has a BAI iff the group G is amenable [28] . As is well known, the abelian groups and the compact groups are amenable. On the negative side, the noncompact semisimple Lie groups, as well as any group containing a closed free subgroup generated by more than one generator, are not amenable. The reader can find ample information on this notion in the books [18] and [31] .
By (G d ) we denote the Boolean ring generated by the cosets of the subgroups G d , the group G with the discrete topology. By c (G d ) we denote the "closed coset ring of G". This is the ring consisting of the closed elements of the coset ring (G d ). For abelian groups, the structure of the elements of the ring c (G d ) have been described by Gilbert [14] and Schreiber [38] , independently. Forrest [7] verified that the same description is also valid in the nonabelian case.
Finally, for the convenience of the reader, we recall the following classical result that we will use repeatedly. This result can be found in Rudin's book [35] as Theorem 4.14.
Theorem (A).
Let X, Y be two Banach spaces and T : X → Y a bounded linear operator. Then the following assertions are equivalent:
Characterizations of the closed ideals with BAI
Throughout this section A will be a commutative Banach algebra with a BAI. The main results of this section are Theorem 2.7 and Corollary 2.8, where the two results announced in the abstract are stated and proved.
We always assume that A * * is equipped with the first Arens multiplication as defined in the preceding section. The letter e will always denote a right identity in A * * . Even if the algebra A is semisimple and its Gelfand spectrum Δ(A) is connected, the algebra A * * has in general many idempotent elements, as this is the case, for instance, when A is the C * -algebra C 0 (Ω) of a connected locally compact space Ω. Indeed, the characteristic function of each open subset of Ω, considered as an element of C 0 (Ω) * * , is an idempotent. To each idempotent element u of A * * , we associate the closed ideal
The ideal I u need not have a BAI (see Remark 2.6 d) below). In this section our aim is to find out when the ideal I u has a BAI. We start with some preliminary results.
The first lemma shows that every closed ideal I of A with a BAI is of the form I u for some idempotent elements u of A * * . For that reason we shall be concerned mostly with the ideals of the form I u .
Lemma 2.1. Let I be a closed ideal of A with a BAI. Then
Then d is an idempotent and a right identity in I * * . Set u = e − ed. Then
so that u is an idempotent. Since d is a right identity in I * * , for each a ∈ I, ad = a. So, for a ∈ I, au = a(e − ed) = 0. Hence I ⊆ I u . Conversely, if for some a ∈ A, au = a(e − ed) = 0, so that a = ad. As d ∈ I * * and I * * is a two-sided ideal in A * * , the product ad is in I * * . Since a = ad and a ∈ A, necessarily a ∈ I so that I = I u .
The next result is known ([10, p. 245, Theorem 1.20] and [5, Proposition 6.4]). We shall include a proof of this result since it plays an important role in this paper. This lemma shows that, as mentioned in the introduction, Problem (A) and Problem (B) are indeed equivalent.
Lemma 2.2. Let I be a closed ideal of A. The ideal I has a BAI iff the weak
Proof. Suppose first that I has a BAI (d α ) α∈I . With the notation of the preceding lemma, let u = e − ed. Then I = I u . Define the linear operator P : A * → A * by P (f ) = u.f . The operator P is a projection and P (a.f ) = ua.f = a.P (f ) for all a ∈ A and f ∈ A * so that P is invariant. For each f ∈ A * , u.f ∈ I ⊥ since I = I u and u.f = P (f ). Hence P (A * ) ⊆ I ⊥ . The reverse inclusion is also true. Indeed, since for all a ∈ A, ad α is in I, for any f ∈ I ⊥ , we have f, ad α = 0. Hence, for each a ∈ A, ad ∈ I ⊥⊥ and
so that the element v = e − P * (e) is in the second dual I * * = I ⊥⊥ of I. Also, since P is invariant, for a ∈ A, aP * (e) = P * (a). So, for a ∈ I and f ∈ A * , we have
Hence, for a ∈ I, aP * (e) = P * (a) = 0 so that av = a(e − P * (e)) = a. This implies that, for m ∈ I * * , mv = m. This shows that v is a right identity in I * * so that the ideal I has a BAI.
For any idempotent element u of A * , we define the space u.A * as
Since the mapping P : We consider the idempotent u ∈ A * * as a function on Δ(A). Since u is an idempotent and since each γ ∈ Δ(A) is also multiplicative on A * * , for each γ ∈ Δ(A), u(γ) is either one or zero. Let 
If u.A * is weak * closed in A * , then the set E u is the hull of the ideal I u . If, in addition, the algebra A is semisimple, regular and the set E u is a set of synthesis, then I u = k(E u ), where k(E u ) = {a ∈ A : a = 0 on E u }. As usual, a denotes the Gelfand transform of a.
The next result, which is of independent interest, gives a rather unexpected necessary and sufficient condition for the space u.A * to be weak * closed in A * . We first recall that a bounded net (v i ) i∈I in a commutative Banach algebra B is said to be a weak BAI if, for each b ∈ B, bv i → b weakly. 
Conversely, suppose that the net (u i + I u ) i∈I is a weak BAI for the quotient algebra A/I u . So, for any a ∈ A and f ∈ I ⊥ u , we have
Since we also have * , which is norm closed, is not weak
In Proposition 2.5, instead of assuming that "for any bounded net (u i ) i∈I in A converging to u in the weak * topology of A * * ...", it is enough to suppose that "for some bounded net (u i ) i∈I in A converging to u in the weak * topology of A * * ...".
The next theorem, which is the main result of this section, gives a necessary and sufficient condition in terms of idempotent elements of the algebra A * * for a closed ideal I of A to have a BAI. The proof of this theorem does not really use the hypothesis that A is commutative. It is valid for any Banach algebra A provided that A has a BAI and I is a closed ideal with a bounded right approximate identity. For the proof of this theorem we need the following result that we recall now.
Let 
Since the space u.A * is closed in A * , by the Open Mapping Theorem applied to the bounded linear operator f → u.f , there is a constant β > 0 such that
Hence, for all f ∈ A * ,
On the other hand, since ||u.f || ≤ ||u||.||f ||, for f in A * ,
we obtain the inequality
The inequalities (1) and (2) show that both the operator φ and its inverse are bounded. Hence φ is an isomorphism. Since the quotient algebra A/I u is Banach, so is the algebra Au. It follows that the subalgebra Au is closed in A * * . Conversely, suppose that, for some idempotent u ∈ A * * , I = I u and that the subalgebra Au is closed in A * * . We are going to prove that the space u. 
Hence, for F ∈ A * * * , we have the equalities The isomorphism φ : A/I u → A, φ(a+I u ) = au, which has appeared in the proof of the preceding theorem, is also A-invariant (i.e. an A−module isomorphism) in the sense that, for all a, b in A, the equality
holds. It happens that, for any closed ideal I of A, the only A-invariant isomorphisms from A/I into A * * are of this form. Actually we have such an isomorphism iff the ideal I has a BAI. This is the content of the next corollary, which is the second main result of this section.
Corollary 2.8. A closed ideal I of A has a BAI iff there is an A-invariant isomorphism from the quotient algebra A/I into
Proof. If the ideal I has a BAI, then I = I u for some idempotent u ∈ A * * for which the subalgebra Au is closed in A * * . Then, as observed above, there is an A-invariant isomorphism from the algebra A/I u into A * * , namely the mapping a + I u → au. Conversely, suppose that there is an A-invariant isomorphism φ : A/I → A * * . Let (e j ) j∈J be a BAI in A that converges in the weak * topology of A * * to e. The net (e j + I) j∈J is bounded in A/I. If necessary, replacing it by a subnet of it, we can assume that u = w * − lim j φ(e j + I) exists in A * * . Since, for a ∈ A, (a + I)(e j + I) = ae j + I → a + I in the norm topology of A/I and since φ is A-invariant, applying φ to both sides of the preceding equality, we see that φ(a + I) = au. Hence, since φ is an isomorphism and φ(A/I) = Au, the subalgebra Au is closed in A * * . On the other hand, since φ is an isomorphism and φ(a + I) = au, we see that au = 0 iff a ∈ I, so that I = I u . It remains to show that u is an idempotent. To see this we first remark that, in the equality φ(a + I) = au, replacing a by e j and passing to the limit in the weak * topology of A * * , we get that eu = u. Now for i = j, e i φ(e j + I) = φ(e i e j + I) = φ(e i + I)φ(e j + I) = e i e j u 2 .
In these equalities, passing to the limit first in j and then in i (both in the weak * topology of A * * ), we obtain that u = u 2 so that u is an idempotent. Hence, since Au is closed in A * * , by the preceding theorem, we conclude that the ideal I has a BAI. This corollary shows that, when the ideal I has a BAI, one can realize the quotient algebra A/I as a subalgebra of A * * in a very simple way, as Au for some idempotent u ∈ A * * . Thus the quotient space A/I possesses all the hereditary properties of the Banach space A * * . Moreover, working with the algebra Au is apparently easier than working with the quotient algebra A/I. The dual space of the algebra Au is also easy to work with; it is (up to a natural isomorphism) just u.A * .
As an immediate consequence of this corollary, we present the following result. There is a case where the closedness of the subalgebra Au in A * * is automatic, whatever the idempotent u ∈ A * * is. This is the case when the algebra A is an ideal in its second dual. It is well known and easy to prove that A is an ideal in A * * iff, for each a ∈ A, the multiplication operator b → ab is weakly compact. If this is the case, for any u ∈ A * * , Au ⊆ A. For instance, for any discrete group G, the Fourier algebra A(G) is an ideal in its second dual since it is generated by its idempotent elements. If the algebra A is an ideal in its second dual, then, since for any idempotent u ∈ A * * one has Au ⊆ A, the linear operator T : A → A, defined by T (a) = au, is a projection and also a multiplier on A. Hence Au is closed in A, and so in A * * ,
and A = T (A) ⊕ (I − T )(A). It follows that the ideal I u = (I − T )(A) has a BAI. The projection P = T
* is obviously an invariant projection from A * onto I ⊥ u . We record this observation. Corollary 2.10. If the algebra A is an ideal in its second dual A * * , then, for any idempotent u ∈ A * * , the ideal I u has a BAI.
Remark 2.11. We recall here a classical result about function algebras because of its similarity to Corollary 2.8 above. To recall this result, let Ω be a compact Hausdorff space and B a closed unital subalgebra of C(Ω) that separates the points of Ω. A closed subset F of Ω is said to be a peak set for B if there is a function a ∈ B such that a(x) = 1 for x ∈ F and |a(x)| < 1 for x ∈ Ω\F . Now let F be the intersection of a family of peak sets. Then the closed ideal k(F ) = {a ∈ B : a = 0 on F } has a BAI [29, p. 160, Theorem 1] and the "restriction algebra" of B to F ,
In Theorem 2.7 and Corollary 2.8, supposing that A is semisimple and interpreting the algebra Au as the restriction algebra of A to the set E u , Corollary 2.8 might be thought of as a generalization of this classical result. The final result of this section presents a simple way to check that the subalgebra Au is closed in A * * . In this proposition u ∈ A * * is an arbitrary idempotent and (u i ) i∈I is an arbitrary bounded net in A that converges in the weak * topology of A * * to u. Note that the net (u i u) i∈I is a bounded net in the algebra Au.
Proposition 2.12.
The subalgebra Au is closed in A * * iff the net (u i u) i∈I is a weak BAI for the algebra Au.
Proof. Suppose first that the algebra Au is closed in A * * . Then the mapping φ : A/I u → A * * , defined by φ(a + I u ) = au, is an isomorphism from A/I u onto Au. Hence, as seen during the proof of Theorem 2.7, the space u.A * is weak * closed in A * . So, by Proposition 2.5, the net (u i + I u ) i∈I is a weak BAI for the quotient algebra. Hence the net (φ(u i + I u )) i∈I , that is, the net (u i u) i∈I , is a weak BAI for the algebra Au.
Conversely, suppose that the net (u i u) i∈I is a weak BAI for the algebra Au. Let T : A → A * * be the linear operator defined by T (a) = au. To prove that Au is closed in A * * , it is enough, by Theorem (A) in Section 1, to prove that T * (A * * * ) is norm closed in A * . Since u is an idempotent, the space u.A * is norm closed in A * and u.A * ⊆ T * (A * * * ). So it is enough to prove that T * (A * * * ) = u.A * . To prove this, we will again prove that, for F ∈ A * * , u.T * (F ) = T * (F ). By hypothesis, for a ∈ A, the net (u i u.au) i∈I converges weakly in A * * to au. Hence, for F ∈ A * * * and T (a) = au, we have
Passing to the limit, we obtain that
Natural projections versus invariant projections
In this section A will again be a commutative Banach algebra with a BAI. To avoid the trivial cases, we assume that A is semisimple. As above, by e we always denote a right identity in A * * . We recall that a projection P : A * → A * is said to be invariant if P (a.f ) = a.P (f ) for all a ∈ A and f ∈ A * . In this section our main problem is the second aspect of Problem (A). Namely, Problem (B): If a weak * closed invariant subspace X of A * is complemented in A * , then when is X invariantly complemented in A * ? In this section we present a few results related to this problem. The main result of this section is Theorem 3.3. Now let X be a weak * closed invariant subspace of A * . The spectrum of X, Sp(X), by definition, is the set Sp(X) = X ∩Δ(A). If P : A * → X is any projection from A * onto X, then, since X = P (A * ), for any γ ∈ X ∩Δ(A), P (γ) = γ. However, for γ in the set Δ(A)\Sp(X), whether P (γ) = 0 or not depends on the projection. This fact led us to introduce the following definition. Definition 3.1. We say that a projection P :
If X is a closed invariant subspace of A * and if there is a natural projection P from A * onto X, we shall say that X is "naturally complemented" in A * . We shall see below that every invariant projection is natural. We do not know whether every natural projection is invariant. These two classes of projections do not seem to be the same. However, as we shall see below, in some important cases, to show that a closed ideal I of A has a BAI it is enough to show that I ⊥ is naturally complemented in A * .
Lemma 3.2. Let P :
A * → A * be a projection. Then a) P is natural iff, for each γ ∈ Δ(A) and a ∈ A, P (a.γ) = a.P (γ).
b) Every invariant projection
Proof. a) Suppose first that P : A * → A * is a natural projection. Let γ ∈ Δ(A) and a ∈ A. As a.γ = a, γ γ, we have P (a.γ) = a, γ P (γ). If P (γ) = γ, then a, γ P (γ) = a.γ = a.P (γ) so that P (a.γ) = a.P (γ). If P (γ) = 0, then again P (a.γ) = a, γ P (γ) = 0 = a.P (γ). Thus, for any γ ∈ Δ(A) and a ∈ A, P (a.γ) = a.P (γ).
Conversely, suppose that for each γ ∈ Δ(A) and a ∈ A, we have P (a.γ) = aP (γ). Let γ ∈ Δ(A) be such that P (γ) = 0. Then, since for a ∈ A, a.γ = a, γ γ and P (a.γ) = a.P (γ), we get the equalities a.P (γ) = P (a.γ) = a, γ P (γ).
Applying e to both sides of these equalities, we get the equality a, P (γ) = a, γ . e, P (γ) so that P (γ) = e, P (γ) γ. Since we have supposed that P (γ) = 0, the above equality shows that e, P (γ) = 0. Applying P to both sides of this equality, we get that
so that e, P (γ) = 1. Hence P (γ) = γ. This shows that P is natural. b) Assertion b) is immediate from a). c) Let P be a natural projection on A
The preceding line, by a simple passage to the limit, implies that the equality P (a.f ) = a.P (f ) holds for any f in the space Span(Δ(A)) too. Hence P , as a mapping from Span(Δ(A)) into itself, is invariant.
If the algebra A is an ideal in its second dual, then, since the algebra A is semisimple, as a Hahn-Banach argument will show, Span(Δ(A)) = AA * . So, in this case, any natural projection P on A * maps AA * into itself and, as a mapping from AA * into itself, is invariant. Moreover, in this case the projection Q : A * → A * , defined by Q(f ), a = P (a.f ), e , is an invariant projection on A * so that in this special case the invariant projections and the natural projections are essentially the same.
The natural projections are very closely related to the following very weak notion of BAI. Let I be a closed ideal of A. We say that the ideal I has a Δ−weak BAI if I contains a bounded net (u i ) i∈I such that, for each γ ∈ Δ(I), u i , γ → 1. This kind of BAI was introduced by Jonas and Lahr in [20] . For this reason at some places it is also called "weak BAI in the sense of Jonas and Lahr". As proved in [20] and [19] , existence of a Δ-weak BAI in a commutative semisimple Banach algebra B does not imply that the algebra B has an approximate identity, even an unbounded one. In the paper [19] the authors exhibit two classes of Segal algebras with Δ−weak BAIs. These Segal algebras do not have BAI. We shall need to use this kind of weak BAI in the proof of the next result.
As mentioned in the introduction, a closed ideal I of the group algebra L 1 (G) of a locally compact abelian group G has a BAI iff its annihilator . As far as we know, it is not known whether the same result is true for the closed ideals of the Fourier algebra A(G) of a locally compact amenable group G. In the next result we prove that a closed ideal I of A(G) has a BAI iff the invariant space I ⊥ is naturally complemented in V N(G). For results involving the operator space structure of A(G) and "completely bounded projections", see [6] and [39] . a) The invariant subspace
Proof. Implication a)⇒b) follows from Lemma 3.2 above. To prove implication b)⇒c), suppose that I ⊥ is naturally complemented in
We identify Δ(A), via point evaluations, with G. Since the space I ⊥ is weak * closed in A * , the set E is closed in G and is the hull of the ideal I. Since E ⊆ P (A * ), for γ ∈ E, P (γ) = γ. For γ ∈ G\E, since P is a natural projection, necessarily, P (γ) = 0. Put u = e − P * (e). As
u ∈ I ⊥⊥ . Identifying I ⊥⊥ with I * * , we get that u ∈ I * * . Let (u i ) i∈I be a bounded net in I that converges in the weak * topology of A * * to u. Then this net (u i ) i∈I is a Δ−weak BAI for the ideal I. Indeed, the Gelfand spectrum of the ideal I is the set G\E and, for γ ∈ G\E, since P (γ) = 0, we have
Thus, the ideal I has a Δ-weak BAI. Now consider (u i ) i∈I as a net in the algebra
cluster point of this net. Then w is an idempotent and its support is the set E. Hence, since the set E is closed, by Host's idempotent theorem [13] , E ∈ c (G d ).
Finally, to prove that c) implies a), we recall that, by [9] , any set E in the ring c (G d ) is a set of synthesis and the ideal k(E) has a BAI. So, since Sp(X) is in the ring c (G d ) and X = I ⊥ , the ideal I has a BAI and, by Lemma 2.2, there is an invariant projection from A * onto I ⊥ . This completes the proof.
The proof of the preceding theorem shows that the following general result holds. 
Applications
In this section we are going to present some applications of the results obtained in Section 2, especially of Corollary 2.8. As in Section 2, in this section A is again an arbitrary commutative Banach algebra with a BAI. a) Weak sequential completeness of the quotient space A/I. As is well known, any separable Banach space is isomorphic to a quotient space of the sequence space 1 , a weakly sequentially complete Banach space (=WSC). This result shows that almost none of the Banach space properties of 1 pass to its quotient space. In contrast with this result, an important result in the interface of complex analysis and harmonic analysis, known as the Havin-Moorey Theorem, states that the quotient space L 1 (T )/k(−N) is WSC [12, p. 47 ]. Here T = {z ∈ C : |z| = 1} is the unit circle group and k(−N) = {a ∈ L 1 (T ) : a(n) = 0 for n < 0}. In the papers [16] and [17] Godefroy made a deep study of the closed ideals of the algebra L 1 (G) (G is compact and abelian) and the closed subspaces of the Lebesgue space L 1 (μ) of a general σ-finite measure space for which the corresponding quotient spaces are WSC. His main ingredient is the fact that any L 1 space is 1 -complemented in its second dual. In this section we are going to present some cases where the quotient algebra A/I is WSC.
A Banach algebra A with a BAI has in general many proper subalgebras B with a BAI. For instance, if φ is a bounded homomorphism from A into itself, then the subalgebra B = φ(A) has a BAI. The Banach spaces properties of A and B are very different in general. For instance, even if A is 1 -complemented in its second dual, B need not be 1 -complemented in its second dual. However, since B * * is a closed subalgebra of A * * , the space B * * is WSC if A * * is so. Besides the WSC'ness, we could also consider other geometric properties on A * * , but we shall not consider them here.
The result below is quite general since the only hypothesis put on the algebra A is the existence of a BAI. This result is an immediate consequence of Corollary 2.8. This theorem is valid even if the algebra A is not commutative, provided that I is an ideal with a bounded right approximate identity. As proved in [23] , every homomorphism φ : L 1 (G) → L 1 (G) (G is locally compact abelian) has closed range. So, if ker(φ) has a BAI, φ(L 1 (G)) is isomorphic to a subalgebra of the form
is a homomorphism and I is a closed ideal of the subalgebra φ(L 1 (G)) with a BAI, then the quotient space φ(L 1 (G))/I is also WSC. As another immediate application of the above theorem, we give the following result. In the case where G is amenable, as mentioned above, the closed ideals with BAI of the algebra A(G) have been characterized in the paper [9] . These are exactly the ideals k(E), where E is a closed subset of G that belongs to the coset ring (G d ). As mentioned in the introduction, for G abelian, the structure of the closed elements of the ring (G d ) are described by Gilbert [14] and Schreiber [38] . Forrest [7] verified that the same description holds in the nonabelian case too, so that the structure of these sets is explicitly known. As another application of Corollary 2.8, we give the following result. As proved in [22] , for any power bounded element u of B(G), the ideal I = (1 − u) B(G) has a BAI. So, for any power bounded element u of B(G), the quotient space B (G)/(1 − u)B(G) is WSC.
Let G be a locally compact abelian group and E be a closed subset of G. We recall that if the restriction of the Fourier transform, φ|E : L 1 (G) → C 0 (E), defined by φ|E(a) = a|E, is surjective, the set E is said to be a Helson set (see [35, Chapter 5] ). The kernel of the homomorphism φ|E is the ideal k(E). Thus, if E is a Helson set, the Banach algebras L 1 (G)/k(E) and C 0 (E) are isomorphic. The next result, which is an application of Corollary 4.2, implies that the ideal k(E) cannot have a BAI unless the set E is finite. has all the hereditary properties of the Banach space A * * . b) Multipliers of the quotient algebra A/I. Let I be a closed ideal with a BAI of A. As the second application of Corollary 2.8, in this subsection we consider the problem of determination of the multipliers of the quotient algebra A/I. As far as we were able to determine, there is only one paper dealing with this problem in the literature. This is a paper by Glicksberg and Wik [15] , where the authors consider the problem of determination of the multipliers of certain quotient algebras of the group algebra L 1 (G) of a locally compact abelian group G. We need some preliminary results about the multipliers of a commutative semisimple Banach algebra.
Corollary 4.4. Suppose that
Let B be a commutative semisimple Banach algebra. There are two equivalent definitions of multipliers on B: a) A (necessarily bounded) linear operator T : B → B is said to be a multiplier if, for each a, b in B, the equalities aT (b) = T (ab) = T (a)b hold.
